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THE NON-NILPOTENT GRAPH OF A SEMIGROUP
E. JESPERS AND M.H. SHAHZAMANIAN
Abstract. We associate a graph NS with a semigroup S (called the
upper non-nilpotent graph of S). The vertices of this graph are the el-
ements of S and two vertices are adjacent if they generate a semigroup
that is not nilpotent (in the sense of Malcev). In case S is a group this
graph has been introduced by A. Abdollahi and M. Zarrin and some
remarkable properties have been proved. The aim of this paper is to
study this graph (and some related graphs, such as the non-commuting
graph) and to discover the algebraic structure of S determined by the
associated graph. It is shown that if a finite semigroup S has empty up-
per non-nilpotent graph then S is positively Engel. On the other hand,
a semigroup has a complete upper non-nilpotent graph if and only if it is
a completely simple semigroup that is a band. One of the main results
states that if all connected NS-components of a semigroup S are com-
plete (with at least two elements) then S is a band that is a semilattice
of its connected components and, moreover, S is an iterated total ideal
extension of its connected components. We also show that some graphs,
such as a cycle Cn on n vertices (with n ≥ 5), are not the upper non-
nilpotent graph of a semigroup. Also, there is precisely one graph on 4
vertices that is not the upper non-nilpotent graph of a semigroup with 4
elements. This work also is a continuation of earlier work by Oknin´ski,
Riley and the first named author on (Malcev) nilpotent semigroups.
1. Introduction
Malcev [17] and independently Neumann and Taylor [20] have shown that
nilpotent groups can be defined by using semigroup identities (that is, with-
out using inverses). This leads to the notion of a nilpotent semigroup (in
the sense of Malcev). It was shown in [17, 20] (see also [21]) that a can-
cellative semigroup S is nilpotent of class n if and only if S has a group of
fractions which is nilpotent (in the classical sense) of class n. Properties of
nilpotent semigroups have been studied by Lallement in [16], in particular
he investigated the residual finiteness of finitely generated nilpotent regular
semigroups (extending Hall’s result on nilpotent groups). Meleshkin in [18]
showed that free nilpotent semigroups are cancellative and Grigorchuk [12]
showed that a finitely generated cancellative semigroup S has finite Gelfand-
Kirillov dimension (or equivalently, its semigroup algebra K[S] over a field
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K has finite Gelfand-Kirillov dimension) if and only if S is almost nilpotent
(hence extending a celebrated result of Gromov). So in particular, finitely
generated semigroup algebras of nilpotent semigroups have finite Gelfand-
Kirillov dimension.
In [13] Jespers and Okninski studied the prime images of semigroup al-
gebras K[S] of nilpotent semigroups S. It is shown that there is a close
relationship with prime images of group algebras of nilpotent groups. The
latter groups are closely related to the image of S in the prime images of
K[S]. Further the prime radical of K[S] and the congruence it determines
on S are described. Also a full description of nilpotent semigroups of class 2
is given. It turns out that one obtains a complete analogue situation of the
commutative case. In [14] it is described when the contracted semigroup
algebra of a Malcev nilpotent semigroup is a prime Noetherian maximal
order.
Jespers and Riley in [15] continued the investigations of nilpotent semi-
groups within the class of linear semigroups, i.e. subsemigroups of the mul-
tiplicative semigroup of all n-by-n matrices over a field. For example, it is
shown that the nilpotence of a linear semigroup can be characterized by a
4-generator semigroup condition, called the weakly Malcev nilpotent con-
ditions (WMN). This can be considered as some kind of Engel’s theorem
for semigroups. Recall that Engel’s famous theorem in Lie theory gives a
certain 2-generator criterion for the global nilpotence of a finite-dimensional
Lie algebra. It is also shown that a finitely generated residually finite group
is nilpotent if and only if it is weakly Malcev nilpotent. Various other types
of local and global nilpotence conditions are studied in [15], such as be-
ing positively Engel (PE) and Thue-Morse (TM). In each case necessary
and sufficient conditions are proved for a linear semigroup to be of such a
nilpotence type.
In the past twenty years fascinating questions and results have been raised
and investigated by studying graphs associated to groups or rings (see for
example [1, 2, 5, 6, 7, 9, 19, 23, 24]). In [1] the notion of a non-nilpotent
graph NG of a group G is introduced. The vertices of the graph are the
elements of G and there is an edge between vertices if they do not generate
a nilpotent group. The authors studied the group G by the information that
is stored in this graph. Note that if the graph is empty (i.e. there are no
edges) then every two-generated subgroup is nilpotent. In this case, if the
group G also is finite, then it is well known that G is a nilpotent group. One
of the results proved in [1] is that the number of connected components of
NG for a finite group G is either ∣Z∗(G)∣ or ∣Z∗(G)∣+1, where Z∗(G) denotes
the hypercenter of G. Note the elements of Z∗(G) are isolated points in the
graph NG. Hence, in [1], one also studied the induced subgraph NG on
G/nil(G), where nil(G) is the subset of those elements g ∈ G such that the
group generated by g and h is nilpotent for any h ∈ H. In general it is
unknown whether nil(G) is a subgroup of G, but in many important cases
it is. For example, nil(G) = Z∗(G) if G is a finite group (or more general,
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if G satisfies the maximal condition on its subgroups) or if G is a finitely
generated solvable group.
The aim of this paper is to study graphs associated to a semigroup and
to discover the algebraic structure of the semigroup determined by its as-
sociated graph. The graphs of interest are those determined by the (non)
nilpotence of two-generated subsemigroups. We mainly use notations as in
[11]. Before stating our contributions, we first recall some definitions.
For a semigroup S with elements x, y, z1, z2, . . . one recursively defines two
sequences
λn = λn(x, y, z1,⋯, zn) and ρn = ρn(x, y, z1,⋯, zn)
by
λ0 = x, ρ0 = y
and
λn+1 = λnzn+1ρn, ρn+1 = ρnzn+1λn.
A semigroup is said to be nilpotent (in the sense of Malcev [17]) if there
exists a positive integer n such that
λn(a, b, c1,⋯, cn) = ρn(a, b, c1,⋯, cn)
for all a, b in S and c1,⋯, cn in S
1. The smallest such n is called the nilpo-
tency class of S. Clearly, null semigroups are nilpotent. As mentioned
before (see for example [21]), a group G is nilpotent of class n if and only
if it is nilpotent of class n in the classical sense. In [13] it is proved that
a completely (0-)simple semigroup S is nilpotent if and only if S is an in-
verse semigroup with nilpotent maximal subgroup G. Recall ([20]) that a
semigroup S is said to be Neumann-Taylor (NT) if, for some n ≥ 2,
λn(a, b,1, c2,⋯, cn) = ρn(a, b,1, c2 ,⋯, cn)
for all a, b ∈ S and c2,⋯, cn in S
1. A semigroup S is said to be positively
Engel (PE) if, for some n ≥ 2,
λn(a, b,1,1, c, c2 ,⋯, cn−2) = ρn(a, b,1,1, c, c2 ,⋯, cn−2)
for all a, b in S and c ∈ S1.
Recall ([11]) that a semigroup S is a completely 0-simple semigroup if
and only if it is isomorphic with a regular Rees matrix semigroup over a
group with zero, say G0. The group G is a maximal subgroup of S. The
standard notation for such a semigroup S is M0(G,I,Λ;P ), where I and Λ
are non-empty sets and P is an Λ × I matrix with entries in G0 = G ∪ {θ}
(the latter is the group G adjoined with a zero element θ). The elements
of M0(G,I,Λ;P ) will be denoted as gij , where g ∈ G0, i ∈ I and j ∈ Λ.
Note that all elements θij, with i ∈ I, j ∈ Λ, are identified with the zero
element of M0(G,I,Λ;P ), also denoted by θ. If P contains no zero entry
then M0(G,I,Λ;P )/{θ} is a completely simple semigroup which is denoted
as M(G,I,Λ;P ).
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As in [15], we denote by F7 the semigroup which is the disjoint union
of the completely 0-simple semigroup M0({e},2,2; I2) and the cyclic group{1, u} of order 2:
F7 = M0({e},2,2; I2) ∪ {1, u},(1)
where I2 denotes the identity 2-by-2 matrix. The multiplication on F7 is
defined by extending that of the defining subsemigroups via 1s = s1 = s for
all s ∈M0({e},2,2; I2), and e11u = ue22 = e12, e22u = ue11 = e21. Note that
F7 = ⟨u, e11⟩.
In [15] it is proved that a finite semigroup S is positively Engel if and only
if all non-null principal factors of S are inverse semigroups whose maximal
subgroups are nilpotent groups and S does not have an epimorphic image
that has F7 as a subsemigroup.
Throughout the paper we will make frequently use of the above mentioned
results, without specific reference.
In order to study (local) nilpotence or commutativity of semigroups, we
define three types of graphs on a semigroup: the upper non-nilpotent graphNS, the lower non-nilpotent graph LS , and the non-commuting graph MS .
In general, these graphs are different, however, we show that if any of these
graphs is complete then so are the others. Moreover, in this case, it turns
out that the semigroup S is completely simple. We investigate which graphs
can not show up as an upper non-nilpotent graph NS for some semigroup
S. In case ∣S∣ < 5 then there is only one such graph. Our main results focus
on the two extreme cases: (1) NS is empty, that is every two-generated
subsemigroup is nilpotent, and (2) the connected components are complete.
The main results are the following:
(1) If S is a semigroup, then NS is complete if and only if S is a com-
pletely simple semigroup that is a band. Moreover, NS is complete
if and only if LS (or equivalently MS) is complete. Furthermore,
for a finite semigroup S of prime order, the graph LS is connected
if and only if it is complete.
(2) If S is a semigroup such that all connected components of NS are
complete and have at least two elements then S is a band and a
semilattice of its connected components, in particular S is semisim-
ple. Moreover, if Si and Sj are distinct connected components, then
Si ∪Sj is a trivial total ideal extension of Si by Sj , or vice-versa, or∣SiSj ∣ = 1.
(3) If S is a finite semigroup such that NS is the empty graph, then S
is positively Engel.
(4) If X is a graph with 4 vertices, then X is the upper non-nilpotent
graph of a semigroup if and only if X ≠ P4 (a path on 4 vertices).
(5) If n ≥ 5 then Cn (a graph which is a cycle on n vertices) is not the
upper non-nilpotent graph of any semigroup.
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2. Non-nilpotent graphs
We begin by defining the graphs of interest on a semigroup S.
Definition 2.1. Let S be a semigroup. The upper non-nilpotent graph NS
of a semigroup S is the graph whose vertices are the elements of S and in
which there is an edge between two distinct vertices x and y if and only if
the subsemigroup ⟨x, y⟩ generated by x and y is not a nilpotent semigroup.
The following lemma gives a criterion for a finite semigroup not to be
nilpotent.
Lemma 2.2. A finite semigroup S is not nilpotent if and only if there exists
a positive integer m, elements x, y ∈ S and w1,w2,⋯,wm ∈ S
1 such that
x = λm(x, y,w1,w2 ,⋯,wm), y = ρm(x, y,w1,w2,⋯,wm) and x ≠ y (note
that for the converse one does not need that S is finite).
Proof. Let k = ∣S∣. If S is not nilpotent then there exist elements a, b ∈ S
and some w1,⋯,wk2+1 ∈ S
1 such that
λk2+1(a, b,w1,⋯,wk2+1) ≠ ρk2+1(a, b,w1,⋯,wk2+1).
Since ∣S∣2 = k2 there exist positive integers t and r ≤ k2 + 1, t < r with
(λt(a, b,w1,⋯,wt), ρt(a, b,w1,⋯,wt))
= (λr(a, b,w1,⋯,wr), ρr(a, b,w1,⋯,wr)).
Put x = λt(a, b,w1,⋯,wt), y = ρt(a, b,w1,⋯,wt) and m = r − t. Then
x = λm(x, y,wt+1,⋯,wt+m) ≠ y = ρm(x, y,wt+1,⋯,wt+m). This proves the
necessity of the stated condition. That this condition is sufficient is obvi-
ous. 
The lemma naturally leads us to the another graph on a semigroup.
Definition 2.3. The lower non-nilpotent graph LS of a semigroup S is
the graph whose vertices are the elements of S and there is an edge be-
tween two distinct vertices x, y ∈ S if and only if there exist finitely many
elements w1,w2,⋯,wn in ⟨x, y⟩1 such that x = λn(x, y,w1,w2,⋯,wn) and
y = ρn(x, y,w1, w2,⋯,wn).
Clearly LS is a subgraph of NS . In general these graphs are different.
Indeed F7 = ⟨u, e11⟩ (see (1)) is not positively Engel, and thus not nilpotent.
So there is an edge between e11 and u and thus NF7 is not empty. SinceM0({e},2,2; I2) and the cyclic group {1, u} are nilpotent, there are no edges
between elements of these semigroups in their respective lower non-nilpotent
graphs. Further, because M0({e},2,2; I2) is an ideal of F7 it is impossible
that for some positive integer n one has that u = λn(u,x,w1,⋯,wn) for
some x ∈ M0({e},2,2; I2) and some w1,⋯,wn ∈ F7. Consequently, there is
no edge in the graph LF7 between u and any element of M0({e},2,2; I2).
Similarly, there is no edge between 1 and any element of M0({e},2,2; I2) inLF7 . Hence LF7 is empty.
We now define a third graph; it contains NS as a subgraph.
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Definition 2.4. The non-commuting graph MS of a semigroup S is the
graph whose vertices are the elements of S and in which there is an edge
between two distinct vertices x and y if these elements do not commute.
Lemma 2.5. Let S be a semigroup. Assume NS is an empty graph. The
following properties hold.
(1) Assumem is a positive integer, x, y ∈ S and w ∈ S1. If x = λm(x, y,w,
w,⋯,w) and y = ρm(x, y,w,w,⋯,w), then x = y.
(2) If an element of S has an inverse, then this inverse is unique.
Proof. (1) Assume x and y are different elements of S and w ∈ S1 such
that x = λm(x, y,w,⋯,w) and y = ρm(x, y,w,⋯,w) for some m. Then, we
have xw = λm(xw,yw,1,1,⋯,1) and yw = ρm(xw,yw,1,1,⋯,1). As, by
assumption NS is empty, we get that xw = yw. Because of Lemma 2.2,
we also get that ⟨x, y,w⟩ is not a nilpotent semigroup. Similarly, wx = wy.
The equalities wy = wx, and yw = xw and y = ρm(x, y,w,w,⋯,w) imply
that y ∈ ⟨x,w⟩ and thus ⟨x, y,w⟩ = ⟨x,w⟩. Hence ⟨x,w⟩ is not a nilpotent
semigroup, a contradiction, because NS is an empty graph.
(2) Let a ∈ S. Suppose b and c are inverses of a in S. Then it is easily
verified that b = bacacab and c = cababac. Hence b = λ2(b, c, a, a) and c =
ρ2(b, c, a, a). So, by part (1), b = c. Therefore a has at most one inverse, as
desired. 
Clearly the lemma implies that every regular semigroup in which every
two-generated semigroup is nilpotent is an inverse semigroup.
Theorem 2.6. Let S be a finite semigroup. If every two-generated subsemi-
group of S is nilpotent (i.e. NS is empty) then S is positively Engel.
Proof. Assume NS is an empty graph. Each principal factor of S is either
completely 0-simple, completely simple or null. Every completely 0-simple
factor is isomorphic with a regular Rees matrix semigroup S′ over a finite
(maximal) subgroupG. Clearly, alsoNS′ andNG are empty graphs. Because
of the former, Lemma 2.5 yields that S′ is an inverse semigroup. The latter
implies that every two-generated subgroup of G is nilpotent and thus the
finite group G is nilpotent. Hence, S′ is a nilpotent semigroup (see the
introduction). Therefore, every non-null principal factor of S is an inverse
semigroup with maximal subgroup a nilpotent group.
Furthermore, we know that the two-generated semigroup F7 is not nilpo-
tent. As NS is empty, it therefore follows that F7 is not an epimorphic image
of any subsemigroup of S. Therefore, S is positively Engel. 
It is well known that finite groups are positively Engel if and only if they
are nilpotent [15]. However, in [15], it is shown that such a result is no longer
true for finite semigroups. Indeed an example is given of a finite semigroup
that is positively Engel but is not nilpotent. We now give another example:
a finite semigroup with empty upper non-nilpotent graph (and thus it is
positively Engel) but it is not nilpotent.
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Let S be the semigroup that is the disjoint unionM0({e},4,4; I4)∪{w,v},
where S′ = M0({e},4,4; I4) is a completely 0-simple subsemigroup of S
that is an ideal of S and such that the following relations are satisfied:
w2 = v2 = wv = vw = θ, e11w = e14, e22w = e23, e33w = θ = e33v, e44w = θ =
e44v, e11v = e13, e22v = e24, we11 = θ = ve11, we22 = θ = ve22, we33 = e23,
we44 = e14, ve33 = e13 and ve44 = e24. We have e31 = λ2(e31, e42,w, v) and
e42 = ρ2(e31, e42,w, v). Hence, by Lemma 2.2, the semigroup S is not nilpo-
tent. We now show that NS is an empty graph. Since the semigroup S′ is
nilpotent, there are no edges between elements of S′. Because the subsemi-
group ⟨w,v⟩ is commutative, there is no edge between w and v. Suppose
now that there is an edge between s ∈ S′ and w. Then, by Lemma 2.2,
there exist elements s1, s2 ∈ ⟨w,s⟩ and some elements w1,w2,⋯,wn ∈ ⟨w,s⟩1
such that s1 = λn(s1, s2,w1,⋯,wn), s2 = ρn(s1, s2,w1,⋯, wn) and s1 ≠ s2
(note that s1 ≠ θ and s2 ≠ θ). Since S
′ is an ideal it follows that s1, s2 ∈ S
′.
As S′ is a nilpotent semigroup, we furthermore obtain that at least one
of the elements wi (1 ≤ i ≤ n) equals w. Now, if necessary, replacing s1
by λi−1(s1, s2,w1,⋯,wi−1) and s2 by ρi−1(s1, s2,w1,⋯,wi−1), we may as-
sume that w = w1. It then easily follows that θ /∈ {s1w,ws1, s2w,ws2}
and thus {s1, s2} ⊂ {e31, e32, e41, e42}. Also, θ /∈ {s1ws2, s2ws1} and thus{s1, s2} = {e31, e42}. Suppose s1 = e31 and s2 = e42. Then λ1(s1, s2,w) = e32
and ρ1(s1, s2,w) = e41. Thus, θ ≠ λ2(s1, s2,w,w2) = e32w2e41 and θ ≠
ρ2(s1, s2,w,w2) = e41we32. Hence, w2 /∈ S′ and thus w2 = w. But then
θ ≠ e32w2e41 = e32we41 = e33e41 = θ, a contradiction. Similarly one shows
that s1 = e42 and s2 = e31 leads to a contradiction. Hence we have shown
that there are no edges between w and any elements of S′. Similarly, there
are no edges between v and elements of S′. So, indeed, NS is an empty
graph.
One can improve the example a little in the sense that there exists a finite
semigroup T with empty upper non-nilpotent graph but S is not Neumann-
Taylor. One can take for T the previous example S with an element q
added such that S is a subsemigroup of T and an ideal of T and, moreover,
it satisfies the relations q2 = θ, e11q = e33q = qe22 = qe44 = θ, e22q = e21,
e44q = e43, qe11 = e21, qe33 = e43, wq = e13, vq = e23, qw = e24 and qv = e23.
We leave the details to the reader.
3. A description of semigroups with complete connected
components for the upper non-nilpotent graph
In this section we give a description of semigroups for which all connected
components of the upper non-nilpotent graphs are complete and contain at
least two elements (so there are no isolated vertices). To do so, we first
describe the semigroups that have complete upper non-nilpotent graphs. It
turns out that this is equivalent with LS (or MS) being complete. We begin
by showing that LS is a complete graph provided that LS is connected and
S is of prime order.
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We start with a technical lemma.
Lemma 3.1. Let S be a semigroup. The following properties hold.
(1) If I is an ideal of S and x ∈ S/I then, in the graph LS, there is no
edge between x and any element of I.
(2) If an ideal I of S intersects non-trivially a connected component ofLS then this connected component is contained in I.
In particular, all vertices of a connected component of LS belong to the
same J-class. Furthermore, if LS is a connected graph, then S is a simple
semigroup.
Proof. (1) Suppose I is an ideal of S and x ∈ S/I. Assume there is an
edge in LS between y ∈ I and x. Then, x = λm(x, y, z1,⋯, zm) and y =
ρm(x, y, z1,⋯, zm) for some z1,⋯, zm ∈ S1 and some positive integer m. Since
I is an ideal of S, it is easily verified that then x = λm(x, y, z1,⋯, zm) ∈ I, a
contradiction.
(2) This follows easily from part (1). 
Recall that a complete graph is a graph in which every pair of distinct
vertices are connected with an edge.
Proposition 3.2. Let S be a semigroup. The following properties hold.
(1) If S is a completely simple semigroup that is a band, i.e. S ≅M({e}, I,Λ;P ), for some sets I and Λ and sandwich matrix P all
whose entries are e, then LS is complete.
(2) If S has prime order and LS connected then LS is complete.
Proof. (1) Let eij and ekl be elements of S = M({e}, I,Λ;P ). Then eij =
λ2(eij , ekl,1,1) and ekl = ρ2(eij , ekl, 1,1). Hence there is an edge between
eij and ekl in LS. Therefore, LS is complete.
(2) Assume S has prime order p and LS is connected. By Lemma 3.1, S
is a simple semigroup. Hence, S is isomorphic with a regular Rees matrix
semigroup over a (maximal) subgroup G, that is S =M(G,I,Λ;P ) for some
sets I and Λ. Since ∣S∣ = p, it follows that S = G and ∣S∣ = ∣G∣ = p or G = {e}.
The former is excluded as a group of order p is commutative and thus it
has an empty lower non-nilpotent graph (and thus not a complete graph).
Hence, G = {e} and LS is complete by part (1). 
Note that if LS is not connected then a J-class of S may contain dif-
ferent connected components of LS. For example the simple semigroup
S = M0({1},4,2;(1 1 θ θ
θ θ 1 1
)) has only one J-class, but has edges only
between 111,121 and 132,142 in LS .
We say that a vertex v of a graph is totally connected if there are edges
between v and all other vertices of the graph.
Lemma 3.3. Let S be a semigroup and NS be its upper non-nilpotent graph.
If a vertex a in NS is totally connected, then a is idempotent.
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Proof. If a2 = b, then ⟨a, b⟩ = ⟨a, a2⟩ = ⟨a⟩. Thus, ⟨a, b⟩ is nilpotent and there
is no edge between a and b. Which gives a2 = a. 
Proposition 3.4. The following conditions are equivalent for a semigroup S.
(1) LS is complete.
(2) NS is complete.
(3) MS is complete.
(4) S is a completely simple semigroup that is a band, or equivalently,
S =M({e}, I,Λ;P ).
Proof. The implications (1) implies (2) and (2) implies (3) are obvious.
To prove (3) implies (4), assume MS is complete. Then, since x2x = xx2
for x ∈ S, we get that x is idempotent and thus S is a band. BecauseMS is complete, we have that each idempotent is primitive. As S is band,
we also obtain a(aba) = (aba)a and b(bab) = (bab)b for elements a, b ∈ S.
The completeness of MS implies that a = aba and b = bab. Hence any
two elements of S are inverses of each other. Therefore, S is completely
simple that is a band (so its maximal subgroups are trivial). Equivalently,
S = M({e}, I,Λ;P ) with P a sandwich matrix all whose components are
equal to e. This proves (4).
That (4) implies (1) follows from Proposition 3.2. 
Lemma 3.5. Let S be a band. The following properties hold.
(1) MS =NS.
(2) Each complete connected component of NS is a subsemigroup of S.
(3) If NS has no isolated vertex, then each connected component of NS
is a subsemigroup of S.
Proof. (1) Let x and y be two arbitrary distinct elements of S. If xy = yx,
then there is no edge between x and y in NS nor in MS . If xy ≠ yx,
then xy = λ2(xy, yx,1,1) and yx = ρ2(xy, yx,1,1), because x, y, xy, yx are
idempotent elements. Then, by Lemma 2.2 ⟨x, y⟩ is not nilpotent. Hence
there is an edge between x and y in both NS and MS . Consequently,MS =NS.
(2) Suppose that a, b ∈ S are in the same complete connected component
of NS but c = ab is in a different connected component. As by the first
part MS = NS, we have that c commutes with a and b. We then have
ba = (ba)(ba) = b(aba) = b(ca) = b(ac) = b(aab) = b(ab) = bc = cb = abb = ab.
Therefore ab = ba, in contradiction with the fact there is an edge between a
and b in MS = NS. Hence, indeed, each connected component of NS is a
subsemigroup.
(3) Suppose that c, d ∈ S are in the same connected component of NS but
e = cd is in a different connected component. As NS has no isolated vertex,
there exists an element f ∈ S such that there is an edge between e and f inNS. By the first part, f commutes with c and d. Hence fe = fcd = cfd =
cdf = ef . This yields a contradiction with the fact that there is an edge
between e and f in NS =MS . 
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Note that if a band has an isolated vertex then in general its connected
components are not subsemigroups. For example, let B1 = ⟨a, b⟩ and B2 =⟨a, c⟩ be two free bands and let S be the semigroup that as a set is the union
B1 ∪B2 ∪{θ} (θ /∈ B1 ∪B2) and with multiplication such that B1 and B2 are
subsemigroups, θ is a zero element and xy = yx = θ for x ∈ B1/⟨a⟩, y ∈ B2/⟨a⟩.
Then the connected components of S are {θ} and S/{θ}. Clearly the latter
is not a subsemigroup.
It is easy to give an example of a finite semigroup S such that NS ≠MS .
Also one can easily construct a finite semigroup T that is not a band and
for which NT =MT . In general, even for a band B, one does not have thatLB =MB .
In order to state the following result we recall ([22]) that a total ideal
extension of a semigroup S by a semigroup T is a semigroup M that is the
disjoint union S ∪T and that contains S and T as subsemigroups such that
S is an ideal of M . If furthermore st = s = ts for all s ∈ S and t ∈ T , then
we call M a trivial total ideal extension of S by T and we denote this by
T∠S. More generally, if n > 2 then by S1 ∠ S2 ∠⋯∠ Sn we denote the
semigroup which is the disjoint union ⋃1≤i≤n Si and for all 1 ≤ i < j ≤ n,
Si ∪ Sj = Si ∠ Sj . Or equivalently, S1 ∠ S2 ∠ ⋯ ∠ Sn is defined recursively
as (S1 ∠ S2 ∠⋯ ∠ Sn−1)∠ Sn.
Lemma 3.6. Let S1, S2,⋯, Sn be semigroups. There is no edge between any
element of Si and any element of Sj for 1 ≤ i < j ≤ n in NS1 ∠ S2 ∠⋯ ∠ Sn .
Proof. If s ∈ Si and t ∈ Sj for 1 ≤ i < j ≤ n, then st = ts because Si ∪ Sj =
Si ∠ Sj. Hence there is no edge between s and t in NS1 ∠ S2 ∠⋯ ∠ Sn . 
We also recall another notion (see for example [11]). Suppose S is a
semigroup such that S = ⋃{Sα ∣ α ∈ Ω}, a disjoint union of subsemigroups
Sα, and such that for every pair of elements α,β ∈ Ω we have SαSβ ⊆ Sγ for
some γ ∈ Ω. One then has a product in Ω defined by αβ = γ if SαSβ ⊆ Sγ
and one says that S is the union of the band Ω of semigroups Sα, with α ∈ Ω.
If Ω is commutative, then one obtains a partial order relation ≤ on Ω with
β ≤ α if αβ = β. In this case Ω is a semilattice and one says that S is the
semilattice Ω of semigroups Sα.
Theorem 3.7. Let S be a semigroup and let Sω, with ω ∈ Ω, denote the
connected NS-components. The following properties hold.
(1) If ∣Sω ∣ > 1, for each ω ∈ Ω, and if each connected NS-component is
complete then S is a band and each connected NS-component is a
subsemigroup.
(2) If S is a band and each connected NS-component is complete thenNS =MS, the semigroup S is a semilattice Ω of the semigroups Sα,
and either Sα ∪Sβ is a trivial total ideal extension of Sα by Sβ or of
Sβ by Sα or SαSβ = Sαβ with ∣Sαβ ∣ = 1 for α,β ∈ Ω.
Proof. (1) Suppose ∣Sω ∣ > 1 for each ω ∈ Ω. Let x1 ∈ S and put x21 = x2.
We need to prove that x1 = x2. Assume the contrary. Since ⟨x1, x2⟩ is
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commutative, the elements x1 and x2 belong to different connected NS-
components. Since the connected component containing x2 has more than
one element, there exists x3 ∈ S such that there is an edge between x2
and x3 in NS. Note that x1 and x3 are then in different connected NS-
components, and thus ⟨x1, x3⟩ is nilpotent. However, this yields a contra-
diction as ⟨x2, x3⟩ ⊆ ⟨x1, x3⟩ and ⟨x2, x3⟩ is not nilpotent. Lemma 3.5 yields
that each Sα is a semigroup.
(2) Suppose S is a band and each connected NS-component is complete.
By Lemma 3.5, NS =MS and each Sα is a subsemigroup.
Fix α,β ∈ ω. Suppose x1 ∈ Sα and x2 ∈ Sβ, with α ≠ β. So, x1 and x2
commute. Put x3 = x1x2. Then x3 commutes with both x1 and x2. Let
γ ∈ Ω be such that x3 ∈ Sγ . We claim that if x3 /∈ {x1, x2} then ∣Sγ ∣ = 1 and
SαSβ = Sγ . Indeed, suppose that x3 /∈ {x1, x2}. Because, by assumption,
all connected NS-components are complete and x1x3 = x3x1, x2x3 = x3x2,
we get that x3 /∈ Sα ∪ Sβ. So x3 ∈ Sγ with γ /∈ {α,β}. By Proposition 3.4,
Sγ = M({e}, I,Λ;P ) with all entries of the sandwich matrix P equal to e.
Write x3 = eij for some i ∈ I and j ∈ Λ.
Assume k ∈ I and let x4 = ekj. Because x1 and x4 belong to different
connected NS-components, we have that x1x4 = x4x1. Similarly, x2x4 =
x4x2. Since also x
2
1 = x1 and x
2
4 = x4 we get that
x4x3 = ekjeij = x4,
x1x4 = x4x1 = ekjx1 = ekjeijx1 = x4x3x1 = x4x3 = ekjeij = x4,
and
x2x4 = x4x2 = x4x3x2 = x4x3 = x4.
Therefore,
x3x4 = x1x2x4 = x1x4 = x4.
So x4 and x3 commute and they belong to the same complete connectedNS-component. Therefore x4 = x3 and thus k = i and thus ∣I ∣ = 1. Similarly∣Λ∣ = 1 and thus ∣Sγ ∣ = 1.
Assume a ∈ Sα. Because Sα is completely simple, we obtain from Proposi-
tion 3.4 that Sα =M({e′}, I ′,Λ′;P ′) with all entries of the sandwich matrix
P ′ equal to e′. Write x1 = e
′
i′j′ and a = e
′
i′′j′′ for some i
′, i′′ ∈ I and j′, j′′ ∈ Λ.
Let a′ = e′i′j′′ ∈ Sα. Then
aa′ = a, a′a = a′, a′x1 = x1, x1a
′
= a′.
Note that we then also get that
a′a = x1a.
Since elements in different connected NS-components commute we get that
x1x2 = a
′x1x2 = x1x2a
′
= x2x1a
′
= x2a
′
= a′x2 = a
′ax2 = x1ax2 = x1x2a.
Thus we have proved that ax1x2 = x1x2a = x1x2 for any a ∈ Sα. Hence, for
any b ∈ Sα,
ax1bx2 = ax1x2b = x1x2b = bx1x2 = x1x2.
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As Sα is a completely simple semigroup, we consequently obtain that Sαx2 ={x1x2}. Because Sα and Sβ commute, we get by symmetry that also x1Sβ =
Sγ and thus SαSβ = {x1x2} = Sγ . This proves the claim.
So, for the remainder of the proof, we may assume that x1x2 = x2x1 ∈{x1, x2} for all x1 ∈ Sα and x2 ∈ Sβ. Clearly we have that ⟨Sα∪Sβ⟩ = Sα∪Sβ.
We now show that either Sα or Sβ is an ideal in ⟨Sα ∪Sβ⟩. For if not, then,
because of the symmetry in Sα and Sβ, we may assume that there exist
xi ∈ Sα, xj, xj′ ∈ Sβ with xixj = xi, xixj′ = xj′. It follows that xjxj′ =
xjxixj′ = xixj′ = xj′xi = xj′xixj = xj′xj . So xj and xj′ distinct commuting
elements in the connected connected NS-component Sβ, in contradiction
with the completeness of this component. Consequently, Sα ∪Sβ is a trivial
total ideal extension of Sα by Sβ or of Sβ by Sα. 
Corollary 3.8. Let S be a finite semigroup and let Si, for 1 ≤ i ≤ n, denote
the connected NS-components. If the connected component Si is complete
and ∣Si∣ > 1 for all 1 ≤ i ≤ n, then S = Sσ(1) ∠ Sσ(2) ∠ ⋯ ∠ Sσ(n) for some
σ ∈ Symn.
Proof. Because of Theorem 3.7, we have Si∪Sj = Si ∠ Sj or Si∪Sj = Sj ∠ Si
for 1 ≤ i < j ≤ n. To prove the result it thus is sufficient to show that if
Si1 ∪ Si2 = Si1 ∠ Si2 and Si2 ∪ Si3 = Si2 ∠ Si3 then Si1 ∪ Si3 = Si1 ∠ Si3 .
Suppose this conclusion is false, i.e. assume that Si1 ∪Si3 = Si3 ∠ Si1 . Then,
for s1 ∈ Si1 , s2 ∈ Si2 and s3 ∈ Si3 we get that (s1s2)s3 = s2s3 = s3 while
s1(s2s3) = s1s3 = s1, a contradiction. 
If S has an isolated vertex (i.e. S has a connected NS-component with
only one element) in NS, then the theorem does not hold in general. For
example, all connected NS-components of the semigroup S = {a, b, c, d} de-
fined by the following Cayley table are complete but S is not a band (the
vertex b is isolated and {a, c, d} is a complete subgraph in NS.)
a b c d
a b a c d
b a b c d
c d c c d
d c d c d
We have shown in Lemma 3.5 that in a band S all complete connected NS-
components are subsemigroups. In general this does not hold, for example
if S is an abelian semigroup then all connected NS-components are isolated
and of course not necessarily subsemigroups. We do not know whether the
connected components of the upper non-nilpotent graph of a semigroup are
subsemigroups in case there are no isolated vertices. In this context we have
the following remark.
Proposition 3.9. Let S be a semigroup. If NS does not have isolated
vertices then, for every x ∈ S, the elements of the cyclic subsemigroup ⟨x⟩
are all in the same connected component.
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Proof. Suppose xn ∈ ⟨x⟩ with xn ≠ x. Because x and xn commute, there is
no edge between them in NS . As, by assumption, S does not have isolated
vertices, there exists an element y ∈ S such that there is an edge between
xn and y in NS . Clearly, ⟨xn, y⟩ ⊆ ⟨x, y⟩. Thus, ⟨x, y⟩ is not nilpotent and
thus there is an edge between x and y. Therefore x and xn are in the same
connected NS-component. 
4. Some graphs are not upper non-nilpotent graphs
For a positive integer n, we denote by Pn a graph which is a path on n
vertices and by Cn we denote a graph which is a unique cycle on n vertices.
A star graph Sn, is a tree with n vertices such that one vertex (called the
center) has degree n − 1 and the other n − 1 vertices (called the terminal
vertices) have degree 1.
Let S be a semigroup. In analogy with the group case [1], the set of
vertices of the non-nilpotent graph of S which are not adjacent to the vertex
x, together with x, we call the nilpotentizer of x in S. It will be denoted by
nilS(x). So
nilS(x) = {y ∈ S ∣ ⟨x, y⟩ is nilpotent}.
The nilpotentizer of S is the set
nil(S) = ⋂
x∈S
nilS(x).
Thus nil(S) = {x ∈ S ∣ ⟨x, y⟩ is nilpotent for all y ∈ S}. Clearly, the center
Z(S) of S is contained in nil(S). The following lemma is easily verified.
Lemma 4.1. If y ∈ nilS(x) and z ∈ Z(S), then yz ∈ nilS(x).
Again in analogy with the group case [1], we call a semigroup S an n-
semigroup if nilS(x) is a subsemigroup of S for every x ∈ S. In general,
nilS(x) is not a subsemigroup of S for all x ∈ S. For example, nilS(111) in the
Rees matrix semigroupM0({1},2,3;⎛⎜⎝
1 θ
θ 1
1 θ
⎞⎟⎠) is not a subsemigroup. Indeed
the subsemigroups ⟨111, 112⟩ and ⟨111,123⟩ are nilpotent, but ⟨111,112123⟩ is
not nilpotent.
If X is a graph on at most three vertices then one can easily verify that
X is the upper non-nilpotent graph of a semigroup. If ∣X ∣ = 4 then this no
longer holds, we show now that P4 is the only exception. Recall that there
are 126 semigroups with four elements.
Theorem 4.2. The graph P4 is not the upper non-nilpotent graph of a
semigroup with 4 elements.
Proof. We prove the result by contradiction. So, suppose S = {a, b, c, d} is a
semigroup such that its upper non-nilpotent graph is as depicted in Figure
1. The proof is given in six steps. In the first five steps we prove several
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da
b c
Figure 1. Graph P4
restrictions that we may assume to hold in S. In step six we prove the final
contradiction.
Step 1: ⟨c, d⟩ = {c, d}, ⟨a, c⟩ = {a, c}, ⟨b, d⟩ = {b, d}, cd = dc, ac = ca,
bd = db, c2 = c and d2 = d.
Because ⟨c, d⟩ is nilpotent and ⟨a, d⟩ is not nilpotent, it follows that a /∈⟨c, d⟩. Similarly b /∈ ⟨c, d⟩. Hence ⟨c, d⟩ = {c, d}. We now show that this
semigroup is commutative. Indeed, for otherwise we may assume that cd = c
and dc = d. But λ1(c, d,1) = c and ρ1(c, d,1) = d and thus, by Lemma 2.2,⟨c, d⟩ is not nilpotent, a contradiction. Similarly one obtains that ⟨a, c⟩ ={a, c}, ac = ca and ⟨b, d⟩ = {b, d}, bd = db. Because ⟨a, d⟩ /⊆ ⟨a, c⟩, we have
that c2 ≠ d and thus c2 = c. Similarly d2 = d.
Step 2: ac = ca = c, cd = dc = c, bd = db = b, b /∈ {ad, da} and a /∈ {bc, cb}.
We first note that ac = c and cd = d is not possible as it would imply
ad = a(cd) = (ac)d = cd = dc = d(ca) = (dc)a = da and thus ⟨a, d⟩ is abelian,
a contradiction. Similarly, it is not possible that ac = a and cd = c. Thus we
have that either ac = c and cd = c, or ac = a and cd = d. In the former case
we obtain
c(ad) = (ca)d = (ac)d = cd = c = ac = a(cd) = a(dc) = (ad)c,
c(da) = (cd)a = ca = c = dc = d(ac) = (da)c
and in the latter case one obtains c(ad) = ad = (ad)c, c(da) = da = (da)c.
So, in both cases, it follows that the elements ad and da commute with c.
As ⟨b, c⟩ is not nilpotent, it thus follows that b /∈ {ad, da}.
Similarly, we obtain that either bd = b and cd = c, or bd = d and cd = d. In
both cases we also have a /∈ {bc, cb} (because there is an edge between b and
c).
As a result of the above, we are left with two remaining cases:
(1) ac = ca = c, cd = dc = c, bd = db = b, b /∈ {ad, da} and a /∈ {bc, cb},
(2) ac = ca = a, cd = dc = d, bd = db = d, b /∈ {ad, da} and a /∈ {bc, cb}.
Because of symmetry reasons we only have to deal with the first case.
Step 3: a /∈ ⟨b, c⟩ and b /∈ ⟨a, d⟩.
We prove this by contradiction. So suppose a ∈ ⟨b, c⟩. Then there exists
α ∈ S/{a} such that a = bα or a = cα. Both cases however are impossible as
α ∈ {b, c, d} and a /∈ {bc, cb}, bd = b, bb ∈ ⟨b, d⟩, cd = c and cc = c. Hence the
claim follows. Similarly, we also get that b /∈ ⟨a, d⟩.
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Step 4: ⟨a, d⟩ = {a, d}, ad ≠ da and a2 = a.
Since ⟨a, d⟩ is not nilpotent, we obtain that there exist elements w,v ∈⟨a, d⟩1 such that λ2(a, d,w, v) ≠ ρ2(a, d,w, v). Because b /∈ ⟨a, d⟩, we have
that ⟨a, d⟩ ⊆ {a, c, d} and thus it follows that {awd,dwa} must be one of
the following sets: {a, c}, {d, c} or {a, d}. In the first and second case, we
get that c ∈ {λ1(a, d,w, v), ρ1(a, d, w, v)}. As ⟨a, d⟩c = c⟨a, d⟩ = {c}, it then
follows that λ2(a, d,w, v) = ρ2(a, d, w, v) = c, a contradiction. Thus, we have{awd,dwa} = {a, d}.
If awd = a (and thus dwa = d) then aw = a, because cd = c and dd = d.
Hence ad = a and, clearly, w ≠ c. If w = 1 then also da = d. If w = a, then also
a2 = a and da = d. If w = d, then it is also clear that da = d, because d2 = d.
Hence, we have shown that {ad, da} = {a, d}. Similarly, one can show that
if dwa = a then {ad, da} = {a, d}.
Hence, we have proved that ⟨a, d⟩ = {a, d} and thus ⟨a, d⟩ = {ad, da} ={a, d} (as ⟨a, d⟩ is not nilpotent). It then follows that a = ad = a(da) =(ad)a = a2 or a = da = (ad)a = a(da) = a2. Thus, we have also a2 = a.
Step 5: ⟨b, c⟩ = {b, c}, bc ≠ cb and b2 = b.
Because ⟨b, c⟩ is not nilpotent there exist elements w,v ∈ ⟨b, c⟩1 such that
λ2(b, c,w, v) ≠ ρ2(b, c,w, v). Because a /∈ ⟨b, c⟩ we have that ⟨b, c⟩ ⊆ {b, c, d}
and thus it follows that {bwc, cwb} must be one of the sets: {b, d}, {c, d} or{b, c}.
If {bwc, cwb} = {b, d} then bw = b,wb = b, because {dc, cd, c2} = {c}. Hence{bc, cb} = {bwc, cwb} = {b, d}. Therefore we have two cases. If bc = b and
cb = d, then (cb)c = dc = c and c(bc) = cb = d, a contradiction. If bc = d and
cb = b, then (cb)c = bc = d and c(bc) = cd = c, a contradiction. So the case{bwc, cwb} = {b, d} is excluded.
If {bwc, cwb} = {c, d} then, because {dc, cd, c2} = {c}, we get that bw = b
or wb = b. We claim that d ∈ {bc, cb}. Indeed, if bw = wb, then {bc, cb} ={bwc, cwb} = {c, d}. On the other hand, if bw ≠ wb, then, since ⟨bw,wb⟩⟨b, c⟩ ⊆{b, c, d}, we get that bw = b and wb ∈ {c, d} and thus {c, d} = {bwc, cwb} ={bc, c} and d = bc, or wb = b and bw ∈ {c, d} and we obtain similarly that
d = cb. So this proves the claim. Now, since {bwc, cwb} = {c, d} then{bwcvcwb, cwbvbwc} = {cvd, dvc}. If v ∈ {d, c,1} then
{λ2(b, c,w, v), ρ2(b, c,w, v)} = {bwcvcwb, cwbvbwc} = {c},
a contradiction. Thus v = b, and
{λ2(b, c,w, v), ρ2(b, c,w, v)} = {bwcvcwb, cwbvbwc} = {cbd, dbc} = {cb, bc}.
In particular bc ≠ cb. Since d ∈ {bc, cb} ⊆ {b, c, d}, we also get that b or c
belongs to {bc, cb}. If b ∈ {bc, cb}, then
{bwcbcwb, cwb3wc} = {bwcvcwb, cwbvbwc} = {bc, cb} = {b, d}.
Thus cwb3wc ∈ {b, d} and therefore cwb3wc ≠ c. As c2 = c and cd = c, we
obtain that wb3wc = b. Similarly because dc = c and c2 = c, we get cwb3w = b.
Then cwb3wc = bc = cb, a contradiction with ⟨b, c⟩ not being nilpotent.
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Otherwise if c ∈ {bc, cb} then {bc, cb} = {c, d} and is then readily verified
that (bc)b ≠ b(cb), a contradiction. So also the case {bwc, cwb} = {c, d} is
excluded.
Finally, we deal with the remaining case {bwc, cwb} = {b, c}. We claim
that {cb, bc} = {c, b}. Indeed recall that w ∈ ⟨b, c⟩1 and a /∈ ⟨b, c⟩. If w ∈{c, d,1}, then we get {b, c} = {bwc, cwb} = {bc, cb}. If on the other hand
w = b, then b ∈ {cb2, b2c}. Hence, because cd = dc = c2 = c, we get b2 = b.
So again {b, c} = {bwc, cwb} = {cb, bc}. This proves the claim. Calculating(bc)b = b(cb), it follows that b2 = b.
Step 6: The final contradiction.
Of course ab ∈ {a, b, c, d}. We show that each of the four possible cases
leads to a contradiction.
First assume ab = a. Then ad ≠ d, because otherwise b = db = adb = ab = a,
a contradiction. As ⟨a, d⟩ = {a, d} and ad ≠ da, we then get that ad = a, da =
d. But then, d = da = dab = db = b, again a contradiction.
Second assume ab = b. Then ad ≠ a, because otherwise ab = b = bd = bda =
ba, in contradiction with ⟨a, b⟩ being non-commutative. Since ⟨a, d⟩ = {a, d}
and since it is not nilpotent, we then get ad = d, da = a. Hence b = bd =
b(ad) = (ba)d. Because we also know that ed = de = e for all e ∈ S/{a}, it
therefore follows that ba ≠ c, ba ≠ d. As ⟨b, a⟩ is non-commutative, we also
get that ba ≠ b (as ab = b). Thus ba = a. But then d = ad = bad = bd = b, a
contradiction.
Third, assume ab = c. Recall that ⟨a, d⟩ = {ad, da} = {a, d}. If ad = d,
then c = ab = adb = db = b, a contradiction. Hence ad = a and da = d.
Consequently, c = dc = dab = db = b, again a contradiction.
Fourth, assume ab = d. Recall that ⟨b, c⟩ = {bc, cb} = {b, c}. If cb = b, then
d = ab = acb = cb = b, a contradiction. Hence cb = c and bc = b. Consequently,
c = dc = abc = ab = d, again a contradiction.
So we have reached in all possible cases a contradiction. Hence the result
follows.

Note that the following Cayley table gives a semigroup S with 5 elements
such that its upper non-nilpotent graph has an induced subgraph on the set{b, c, d, e} as in Figure 1:
a b c d e
a a a a a a
b a b a a e
c a a c d a
d d d d d d
e e e e e e
Indeed ⟨b, d⟩, ⟨d, e⟩ and ⟨e, c⟩ are not nilpotent, but ⟨b, e⟩, ⟨b, c⟩ and ⟨d, c⟩
are nilpotent. Note however that S/{a} is not a subsemigroup of S.
In order to show that P4 is the only graph that does not show as an
upper non-nilpotent graph of a semigroup of order 4, we now first give
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several classes of semigroups that are n-semigroups. In each case we include
a specific example. It will follows that every graph on 4 vertices, except P4,
turns out to be the upper non-nilpotent graph of a semigroup on 4 elements
that is of one of these types.
Example 4.3. The following classes of semigroups are all n-semigroups.
(1) Semigroups with empty upper non-nilpotent graph.
If NS is an empty graph, then nilS(x) = S for every x ∈ S. Of course
examples of such semigroups are commutative semigroups.
(2) Semigroups with complete upper non-nilpotent graph.
If NS is a complete graph then nilS(x) = {x} for every x ∈ S. Because of
Proposition 3.4, each element x is idempotent and thus S is an n-semigroup.
Furthermore, an example of such a semigroup is a completely simple bandM({e}, n,1;P ).
(3) Semigroups whose upper non-nilpotent graph contains only one pair
of non-adjacent vertices.
Suppose that a and b are the only elements of S that are not connected
by an edge. If x ∈ S/{a, b}, then the vertex x is totally connected and thus,
by Lemma 3.3, x is idempotent. Hence nilS(x) = {x} is a subsemigroup.
Because ⟨a, b⟩ is nilpotent and ⟨a,x⟩ is not nilpotent for x ∈ S/{a, b}, we get
that x /∈ ⟨a, b⟩. Therefore ⟨a, b⟩ = {a, b} and also nilS(a) = nilS(b) = ⟨a, b⟩.
Therefore S is an n-semigroup. As an example one can take the semigroup
T that is the disjoint union of the semigroup M({e}, n,1;P ) (with n > 1)
and the trivial group {1} and such that the following relations are satisfied:
1x = e11 and x1 = x for every x ∈ M({e}, n,1;P ). Only between 1 and
e11, there is no edge in NT . Indeed, by Proposition 3.4, NM({e},n,1;P ) is a
complete subgraph. Since 1e11 = e111, there is no edge between 1 and e11. If
v ∈M({e}, n,1;P )/{e11}, then ⟨e11, v⟩ ⊆ ⟨1, v⟩. As ⟨e11, v⟩ is not nilpotent,
also ⟨1, v⟩ is not nilpotent. Hence, there is an edge between v and 1 inNM({e},n,1;P )∪{1}.
(4) Semigroups such that their upper non-nilpotent graph is a disjoint
union of a complete graph and one isolated vertex.
Indeed, suppose that x is an isolated vertex. Of course the nilpoten-
tizer of x is S. If y ∈ S/{x} then nilS(y) = {x, y}. If z ∈ S/{x, y} then⟨y, z⟩ is not nilpotent and ⟨x, y⟩ is nilpotent. Hence z /∈ ⟨x, y⟩ and thus⟨x, y⟩ ∩ S/{x, y} = ∅. Therefore ⟨x, y⟩ = {x, y} and also nilS(y) is a sub-
semigroup of S. Therefore, S is an n-semigroup. An example of such a
semigroup is M({e}, n,1;P ) ∠ S1 with n > 1 and ∣S1∣ = 1. By Proposi-
tion 3.4, NM({e},n,1;P ) is a complete subgraph and by Lemma 3.6, there is
no edge between M({e}, n,1;P ) and S1 in NM({e},n,1;P ) ∠ S1 .
(5) Finite semigroups with complete connected upper non-nilpotent com-
ponents such that each connected component has more than one element.
Because of Corollary 3.8 such a semigroup is of the form S = Sσ(1) ∠⋯∠
Sσ(n), where σ ∈ Symn and the connected components are Sσ(i), 1 ≤ i ≤ n.
Because of Theorem 3.7, S is a band. If x ∈ Sσ(i), then clearly nilS(x) =
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{x} ∪ (S/Sσ(i)). It can be easily verified that this is a subsemigroup of S.
Therefore S is an n-semigroup.
(6) Semigroups such that their upper non-nilpotent graph is a star graph.
If a is the center of the graph NS of such a semigroup then, by Lemma 3.3,
a is idempotent. Hence, nilS(a) = {a} is a subsemigroup. Between a and
any terminal element there is an edge. But between terminal elements of S,
say c and d, there is no edge. Hence cd ≠ a, because otherwise ⟨a, c⟩ ⊆ ⟨c, d⟩.
This yields a contradiction as the former subsemigroup is not nilpotent while
the latter is nilpotent. Therefore S/{a} is a subsemigroup and S is an n-
semigroup. An example of such a semigroup is Tn = {x0, x1,⋯, xn} (n ≥ 1)
with multiplication defined by x0xi = x0 and xjxi = x1 for all i and all j ≠ 0.
Since x0x1 = x0, x1x0 = x1, we have x0 = λ1(x0, x1,1) and x1 = ρ1(x0, x1,1)
which implies the existence of an edge in NTn between x0 and x1. Moreover,
since ⟨x1, x0⟩ ⊆ ⟨xj , x0⟩ for 1 ≤ j ≤ n and ⟨x1, x0⟩ is not nilpotent, ⟨xj , x0⟩
is not nilpotent and there is an edge between x0 and xj in NTn . As xjxk =
xkxj = x1 for 1 ≤ j, k ≤ n and j ≠ k, there is no edge between xk and xj inNTn . Therefore NTn is the star graph and its center is the element x0.
(7) Semigroups such that their upper non-nilpotent graph is a disjoint
union of a star graph and one isolated vertex.
Let a be the center of the star subgraph of such a semigroup S and
let c be an isolated vertex. If b /∈ {a, c} then ⟨a, b⟩ is not nilpotent while⟨a, c⟩ is nilpotent. Hence b /∈ ⟨a, c⟩. Therefore, nilS(a) = {a, c} = ⟨a, c⟩ is a
subsemigroup. It can also be easily verified that the nilpotentizer of terminal
elements of the star subgraph of S are subsemigroups. Since also nilS(c) = S
is a semigroup we obtain that S is an n-semigroup. An example of such a
semigroup is Tn ∠ S1 with ∣S1∣ = 1.
(8) Semigroups such that their upper non-nilpotent graph is Cn with n ≤ 4.
In Theorem 4.6 it is shown that n ≥ 5 can not occur. If n ≤ 3, then Cn is
a complete graph and thus by (2) this semigroup is an n-semigroup. If n = 4
then the statement is also easy to verify. The upper non-nilpotent graphs
of the semigroups with the following Cayley tables
a b c
a a a a
b b b b
c c c c
and
a b c d
a b b a b
b b b b b
c d d c d
d d d d d
are C3 and C4 respectively.
Proposition 4.4. Let X be a graph with at most 4 vertices. If X ≠ P4 then
there exists a semigroup S with X as upper non-nilpotent graph. Moreover,
all such semigroups are n-semigroups.
Proof. Let X be a graph with at most 4 vertices. It can be easily verified
that if X is not as in one of the graphs given in Figure 2, then X can be
obtained as the non-nilpotent graph of one of the semigroup types given in
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ba
c d
ba
c d
Figure 2.
Example 4.3. Furthermore, all semigroups with upper non-nilpotent graphs
of one of these types are n-semigroups.
It can also be easily verified that the graphs in Figure 2 can be obtained as
the upper non-nilpotent graphs of the following semigroups with respective
Cayley tables
a b c d
a a a a a
b a b a a
c a a c c
d a a d d
and
a b c d
a a a a a
b b b b b
c b b c d
d d d d d
These semigroups are n-semigroups. So it remains to show that all semi-
groups with upper non-nilpotent graphs as in Figure 2 are n-semigroups.
Let S = {a, b, c, d} be such a semigroup.
First we deal with the case when NS is as the graph depicted on the right
in Figure 2. Since a is totally connected, a is idempotent by Lemma 3.3.
Hence nilS(a) = {a} is a subsemigroup. The subsemigroups ⟨a, b⟩ and ⟨b, d⟩
are not nilpotent, while ⟨b, c⟩ is nilpotent. Hence a and d are not in ⟨b, c⟩.
Therefore, nilS(b) = {b, c} = ⟨b, c⟩ is a subsemigroup. Because ⟨a, d⟩ and⟨b, d⟩ are not nilpotent, but ⟨c, d⟩ is nilpotent, we get that a and b are not
in ⟨c, d⟩. Hence ⟨c, d⟩ = {c, d}. Therefore nilS(d) is a subsemigroup.
Since the order of both subsemigroups ⟨b, c⟩ and ⟨c, d⟩ is two and because
these semigroups are nilpotent, one can easily verify that cd = dc and bc = cb.
We claim that bd ≠ a. Indeed, because otherwise we have ac = bdc = cbd = ca,
in contradiction with ⟨a, c⟩ not being nilpotent. Similarly db ≠ a. Hence
a /∈ {bd, db}. As also ⟨b, c⟩ = {b, c} and ⟨c, d⟩ = {c, d}, we obtain that nilS(c) ={c, b, d} is a subsemigroup. Therefore S is an n-semigroup.
Next we deal with the case when NS is the graph depicted on the left in
Figure 2. We claim cd ≠ a. We prove this by contraction. Assume cd = a.
Because there is an edge between a and b, but there is no edge between b and
d and cd = a, a and c are not in ⟨b, d⟩. Hence ⟨b, d⟩ = {b, d} and since ⟨b, d⟩
is nilpotent, bd = db. Also, as there is no edge between a and d, we have
that b /∈ ⟨a, d⟩. Since ⟨b, d⟩ = {b, d}, we have d2 = d. Similarly ⟨b, c⟩ = {b, c},
bc = cb, c2 = c. Because c and d are idempotent and cd = a, we get ad = a
and ca = a.
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Because there is no edge between c and d and cd = a, one has b /∈ ⟨d, c⟩.
Hence dc ≠ b. If dc = d, then dcd = d and da = d. Therefore a = λ1(a, d,1) and
d = ρ1(a, d,1). Hence, by Lemma 2.2, ⟨a, d⟩ is not nilpotent, a contradiction.
So dc ≠ d and, similarly, dc ≠ c. Therefore dc = a. Because c and d are
idempotent and dc = a, we have da = a and ac = a.
So we have ac = ca = ad = da = cd = dc = a, bd = db and bc = cb. Conse-
quently, dba = bda = ba and cba = bca = ba. If ba = c then c = ba = dba = dc = a,
a contradiction. If ba = d then d = ba = cba = cd = a, a contradiction too.
Thus ba ∈ {a, b}. Similarly ab ∈ {a, b}. As there is an edge between a and b,
we have that ab ≠ ba and thus {ab, ba} = {a, b}.
Suppose ab = a and ba = b. Then db = dba = bda = ba = b and cb = cba =
bca = ba = b and thus b = cb = c(db) = (cd)b = ab = a, a contradiction.
Similarly, ab = b and ba = a lead to a contradiction.
This proves the claim that cd ≠ a. Similarly {a, b} ∩ ⟨c, d⟩ = ∅. Conse-
quently ⟨c, d⟩ = {c, d}. It then can be easily verified from the graph of S
that nilS(a) = {a, c, d} and nilS(b) = {b, c, d} are subsemigroups. Therefore
S is an n-semigroup. 
Corollary 4.5. If X is a graph with 4 vertices then there exists a semigroup
S with 4 elements such that X =NS if and only if X ≠ P4.
Proof. This follows immediately from Theorem 4.2, Example 4.3 and Propo-
sition 4.4. 
Next we show that cycle graphs with at least 5 vertices can not be upper
non-nilpotent graphs of semigroups.
Theorem 4.6. If S is a finite semigroup of order n ≥ 5 then NS ≠ Cn.
Proof. Suppose that the semigroup S = {a1,⋯, an} is such that NS = Cn,
and there are edges between ai and ai+1 for 1 ≤ i ≤ n (the addition used in
the indices has to be interpreted modulo n).
First we show that S is a band. Indeed, suppose a2i = aj. Clearly⟨aj+1, aj⟩ = ⟨aj+1, a2i ⟩ ⊆ ⟨aj+1, ai⟩ and ⟨aj−1, aj⟩ = ⟨aj−1, a2i ⟩ ⊆ ⟨aj−1, ai⟩.
Because ⟨aj+1, aj⟩ and ⟨aj−1, aj⟩ are not nilpotent, we get that ⟨aj+1, ai⟩
and ⟨aj−1, ai⟩ are both not nilpotent. Hence j = i and thus S is band, because
n ≥ 5. Because of Lemma 3.5, we then have that MS =NS.
We claim that, ⟨ai, ai+1⟩ = {ai, ai+1}. Since n ≥ 5 there is no edge between
ai−2 and any of the elements ai and ai+1. Hence, ai−2 commutes with each of
these elements and thus also with aiai+1. It follows that aiai+1 /∈ {ai−1, ai−3}.
If n = 5 it then follows that {ai+1ai, aiai+1} ⊆ {ai, ai+1, ai−2}. If aiai+1 =
ai−2, then ai+1ai ∈ {ai, ai+1}, because ai+1ai ≠ aiai+1. We suppose ai+1ai =
ai+1. Then we have
ai−2ai = (aiai+1)ai = ai(ai+1ai) = aiai+1 = ai−2,
ai−2ai+1 = ai+1ai−2 = ai+1(aiai+1) = (ai+1ai)ai+1 = ai+1ai+1 = ai+1.
Then
ai+1 = ai−2ai+1 = (ai−2ai)ai+1 = ai−2(aiai+1) = ai−2ai−2 = ai−2,
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a contradiction. Similarly ai+1ai = ai yields a contradiction. Therefore
aiai+1 ∈ ⟨ai, ai+1⟩. Similarly ai+1ai ∈ ⟨ai, ai+1⟩. Then ⟨ai, ai+1⟩ = {ai, ai+1}.
Now we suppose that n ≥ 6 and aiai+1 = aj such that j /∈ {i, i + 1}. Because
n ≥ 6, there exists element a⋆ ∈ {aj+1, aj−1} such that a⋆ is not adjacent to
ai and to ai+1. Which leads a
⋆aiai+1 = aiai+1a
⋆. Therefore aja
⋆
= a⋆aj , a
contradiction. Then we have ⟨ai, ai+1⟩ = {ai, ai+1}.
Since the subsemigroup ⟨ai, ai+1⟩ is not nilpotent, we thus obtain that{aiai+1, ai+1ai} = {ai, ai+1}. We claim that if aiai+1 = ai then ai+1ai+2 = ai+1.
Indeed, for otherwise we have
aiai+1 = ai, ai+1ai = ai+1, ai+1ai+2 = ai+2, ai+2ai+1 = ai+1.
Note that the elements ai and ai+2 commute. Hence, we get
ai = aiai+1 = aiai+2ai+1 = ai+2aiai+1 = ai+2ai =
ai+1ai+2ai = ai+1aiai+2 = ai+1ai+2 = ai+2,
a contradiction. This proves the claim.
Suppose now that aiai+1 = ai. Since aiai+1 = ai, we have from the above
that ai+1ai+2 = ai+1 and so aiai+2 = aiai+1ai+2 = aiai+1 = ai. Because aiai+1 =
ai, ai+1ai+2 = ai+1, aiai+1 ≠ ai+1ai, ai+1ai+2 ≠ ai+2ai+1, ⟨ai, ai+1⟩ = {ai, ai+1}
and ⟨ai+1, ai+2⟩ = {ai+1, ai+2}, we get that ai+1ai = ai+1 and ai+2ai+1 = ai+2.
Hence, ai+2ai = ai+2ai+1ai = ai+2ai+1 = ai+2 and thus ⟨ai, ai+2⟩ = {ai, ai+2}.
Similarly if aiai+1 = ai+1, we have ⟨ai, ai+2⟩ = {ai, ai+2}.
The above information shows that {ai, ai+1, ai+2} is a subsemigroup. Since
ai = λ1(ai, ai+1,1), ai+1 = ρ1(ai, ai+1,1) or ai = λ2(ai, ai+1,1,1), ai+1 = ρ2(ai,
ai+1,1,1), there is an edge between ai and ai+1 in L{ai,ai+1,ai+2}. Similarly
there is an edge between ai+1 and ai+2 in L{ai,ai+1,ai+2}. But there is no
edge between ai and ai+2 in this graph, because they commute. As the the
order of the semigroup {ai, ai+1, ai+2} is of prime order and the lower non-
nilpotent graph of this semigroup is connected but not complete this yields
a contradiction with Proposition 3.2. 
Note that P4 and C5 are isomorphic to their respective complements. So a
question of interest is whether a graph that is isomorphic to its complement
graph can occur as an upper non-nilpotent graph of a semigroup. Note that
Cn (expect n = 5) is not isomorphic to its complement graph.
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